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Abstract
We consider Knapp-Vogan Hecke algebras in the quantum group setting. This allows
us to produce a quantum analogue of the Bernstein functor as a first step towards the
cohomological induction for quantum groups.
The cohomological induction is one of the most important tools for producing unita-
rizable Harish-Chandra modules [7]. The present paper demonstrates that this method
can be applied to modules over quantum universal enveloping algebras [6] as well. Our
way to this circle of problems was as follows.
The papers [11, 9] introduce quantum analogues of the bounded symmetric domains
and the associated Harish-Chandra modules. One special case considered in [10] leads
to two geometric realizations for the ladder representation of the quantum universal en-
veloping algebra Uqsu2,2 and to the quantum Penrose transform [1]. One of the main tools
used in [10] was studying q-analogues of the Cˇech cohomology. Unfortunately this method
can be hardly generalized because it relates to non-trivial problems in non-commutative
algebraic geometry. We hope to overcome these obstacles via replacing the q-analogues
of the Cˇech cohomology by q-analogues of the Dolbeault cohomology. It is well-known
that in the classical situation the Dolbeault cohomology can be constructed algebraically
using the so-called cohomological induction (see [7]).
It is convenient to work with the Bernstein functor (the projective Zuckerman functor)
for producing unitarizable Harish-Chandra modules. The definition of the Bernstein func-
tor uses essentially the algebra of distributions on a real reductive group G with support
in a maximal compact subgroup K. The principal obstacle to cope with in this work is
to construct a q-analogue for this algebra.
In the present paper we construct a q-analogue of the algebra of distributions as above
in certain cases. This allows us to construct a q-analogue of the Bernstein functor.
The authors are grateful to V. Kruglov for assistance in preparation of a preliminary
version of this work and for helpful discussions.
1 The category C(l, l)q and the algebra R(l)q
We will use C as the ground field.
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Let a = (aij)i,j=1,2,...,l, be the Cartan matrix for a simple complex Lie algebra of rank
l. Its universal enveloping algebra is a unital algebra U determined by the generators
{Hi, Ei, Fi}i,j=1,2,...,l and the relations [6, p. 51]:
HiHj −HjHi = 0, EiFj − FjEi = δijHi,
HiEj −EjHi = aijEj , HiFj − FjHi = −aijFj , i, j = 1, 2, . . . , l,
and
1−aij∑
m=0
(−1)m
(
1− aij
m
)
E
1−aij−m
i · Ej · E
m
i = 0,
1−aij∑
m=0
(−1)m
(
1− aij
m
)
F
1−aij−m
i · Fj · F
m
i = 0,
for all i 6= j.
The Cartan subalgebra spanned by H1, H2, . . . , Hl is denoted by h, and α1, α2, . . . , αl,
αj(Hi) = aij , i, j = 1, 2, . . . , l,
are simple roots.
There exists a unique collection of coprime positive integers d1, d2, . . . , dl such that
diaij = djaji, i, j = 1, 2, . . . , l.
The bilinear form in h∗ given by
(αi, αj) = diaij, i, j = 1, 2, . . . , l,
is positive definite.
Recall the definition of the quantum universal enveloping algebra Uq introduced by V.
Drinfeld and M. Jimbo. We assume that q ∈ (0, 1).1
The unital algebra Uq is determined by its generators Ki, K
−1
i , Ei, Fi, i = 1, 2, . . . , l,
and the relations
KiKj = KjKi, KiK
−1
i = K
−1
i Ki = 1,
KiEj = q
aij
i EjKi, KiFj = q
−aij
i FjKi, EiFj − FjEi = δij(Ki −K
−1
i )/(qi − q
−1
i ),
1−aij∑
s=0
(−1)s
[
1− aij
s
]
qi
E
1−aij−s
i EjE
s
i = 0,
1−aij∑
s=0
(−1)s
[
1− aij
s
]
qi
F
1−aij−s
i FjF
s
i = 0,
with
qi = q
di , 1 ≤ i ≤ l,[
m
n
]
q
=
[m]q!
[n]q![m− n]q!
, [n]q! = [n]q . . . [2]q[1]q, [n]q =
qn − q−n
q − q−1
.
1The purpose of so strong assumptions on q will become evident while investigating the unitarizability of the
Harish-Chandra modules in question over Uq.
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The Hopf algebra structure on Uq is given by the following formulas:
△(Ei) = Ei ⊗ 1 +Ki ⊗ Ei, △(Fi) = Fi ⊗K
−1
i + 1⊗ Fi, △(Ki) = Ki ⊗Ki,
S(Ei) = −K
−1
i Ei, S(Fi) = −FiKi, S(Ki) = K
−1
i ,
ε(Ei) = ε(Fi) = 0, ε(Ki) = 1.
Any subset L ⊂ {1, 2, . . . , l} determines a Hopf subalgebra Uql ⊂ Uq generated by
K±1i , i = 1, 2, . . . , l; Ej, Fj , j ∈ L.
We use the following notation:
P = Zl, P+ = Z
l
+, P
L
+ = {λ = (λ1, λ2, . . . , λl) ∈ P | λi ≥ 0 for i ∈ L}.
Let V be a Uql-module and
Vµ = {v ∈ V |Kiv = q
µi
i v, i = 1, 2, . . . , l}
the weight space, where µ = (µ1, µ2, . . . , µl) ∈ P .
Definition 1.1 We say V is a weight Uql-module if V =
⊕
µ∈P
Vµ.
Example 1.2 Consider the Verma module Uql-module M(l, λ) with the highest weight
λ ∈ P L+. This is a module determined by its generator v(l, λ) and the relations
Ejv(l, λ) = 0, j ∈ L; K
±1
i v(l, λ) = q
±λi
i v(l, λ), i = 1, 2, . . . , l.
It is easy to prove that its submodule K(l, λ) generated by F
λj+1
j v(l, λ), j ∈ L, is
the unique submodule of finite codimension. In particular, the factor-module L(l, λ) =
M(l, λ)/K(l, λ) is simple (see [6]).
The following claims are well-known (see for instance [6]). The dimensions of the
weight subspaces of the Uql-modules L(l, λ) are the same as in the classical case q = 1.
The weight finite dimensional Uql-modules are completely reducible. Irreducible weight
finite dimensional Uql-modules are isomorphic to L(l, λ) with λ ∈ P
L
+. The center of Uql
(denoted by Z(Uql)) admits an easy description via the Harish-Chandra isomorphism [6,
p. 109] and separates the simple weight finite dimensional Uql-modules [6, p. 125]. In
other words, for any λ1, λ2 ∈ P
L
+ there exists z ∈ Z(Uql) such that z|L(l,λ1) 6= z|L(l,λ2).
A module V over Uql is called locally finite dimensional if dim(Uql v) < ∞ for all
v ∈ V . Introduce the notation C(l, l)q for the full subcategory of weight locally finite
dimensional Uql-modules.
It is easy to prove that any Uql-module V ∈ C(l, l)q is uniquely decomposable as a
direct sum V =
⊕
λ∈P L+
Vλ of its submodules. Each Vλ here is a multiple of L(l, λ), λ ∈ P
L
+.
The sum is direct since Z(Uql) separates simple finite dimensional weight Uql-modules.
Let End V be the algebra of all endomorphisms of V considered as a vector space.
Now consider the Uql-module L
univ =
⊕
λ∈P L+
L(l, λ) and the projections Pλ in L
univ onto
the isotypic component L(l, λ) parallel to the sum of all other isotypic components. The
3
algebra EndLuniv is a Uql-module algebra.
2 The natural homomorphism Uql→ EndL
univ
is injective [6, p. 76 – 77]; this allows one to identify Uql with its image in EndL
univ. We
are interested in the following Uql-module subalgebras of EndL
univ:
R(l)q
def
=
⊕
λ∈P L+
EndL(l, λ), F (l)q
def
= R(l)q ⊕ Uql.
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Obviously, R(l)q is a two-sided ideal of F (l)q generated by the projections Pλ.
R(l)q is not a unital algebra, but it admits a distinguished approximate identity. Specif-
ically, any finite subset Λ ⊂ P L+ determines an idempotent χΛ =
∑
λ∈Λ
Pλ in R(l)q. Obvi-
ously, χΛ1χΛ2 = χΛ2χΛ1 = χΛ1∩Λ2 , and for any r ∈ R(l)q there exists a finite subset
Λ ⊂ P L+ such that χΛr = rχΛ = r. With some abuse of terminology, one can say that in
F (l)q we have
lim
Λ↑P L+
χΛ = 1.
A module V over R(l)q is called approximately unital if for any v ∈ V there exists a
finite subset Λ ⊂ P L+ such that χΛv = v.
We are going to demonstrate that the full subcategory of approximately unital R(l)q-
modules is canonically isomorphic to C(l, l)q.
Proposition 1.3 (*). For any approximately unital R(l)q-module V and any ξ ∈ F (l)q,
v ∈ V there exists a limit
ξv
def
= lim
Λ↑P L+
(ξχΛ)v (1.1)
in the sense that (ξχΛ)v does not depend on Λ for large Λ.
(**). The relation (1.1) equips V with a structure of F (l)q-module and defines a
functor from the category of approximately unital R(l)q-modules into the category C(l, l)q.
(***). This functor is an isomorphism of categories.
Proof. Any approximately unital R(l)q-module V admits an embedding into an ap-
proximately unital R(l)q-module that is a multiple of L
univ. This observation implies the
first two statements, since they can be easily verified for Luniv.
Any Uql-module that is a multiple of L
univ, is a F (l)q-module. This allows one to
construct an inverse functor by embedding any Uql-module V ∈ C(l, l)q into a Uql-module
that is a multiple of Luniv. This implies (***). 
Note that the action of Pλ ∈ R(l)q on vectors v ∈ V ∈ C(l, l)q can be described
without referring to an embedding into a Uql-module multiple to L
univ. More exactly, for
any λ ∈ P L+ there exists a sequence z1(λ), z2(λ), . . . of elements of the center of Uql such
that Pλv = lim
n→∞
zn(λ)v for all v ∈ V ∈ C(l, l)q. To see this, note that for any finite subset
λ ∈ Λ ⊂ P L+ there exists such z ∈ Z(Uql) that z|L(l,µ) = 0 for λ ∈ Λ \ {λ} and z|L(l,λ) = 1.
It remains to choose a sequence Λn ↑ P
L
+.
2If ξ ∈ Uq l and △ξ =
∑
i
ξ′i ⊗ ξ
′′
i , then (ξA)v =
∑
i
ξ′iAS(ξ
′′
i )v, v ∈ L
univ, A ∈ EndLuniv, with △ and S being
the comultiplication and the antipode of Uql.
3It is easy to prove that R(l)q ∩ Uql = 0. In fact, Uq l has no zero divisors [3], while the Harish-Chandra
isomorphism allows one to produce for any a ∈ R(l)q a non-zero element z ∈ Z(Uq l) such that za = 0.
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2 The category C(g, l)q and the algebra R(g, l)q
Let G ⊃ L be a pair of subsets of {1, 2, . . . , l} and let Uqg ⊃ Uql be the associated pair of
Hopf subalgebras of Uq.
Consider the category of all Uqg-modules and its full subcategory C(g, l)q that consists
of weight Uql-locally finite dimensional Uqg-modules.
Let us turn to a description of the algebra F (g, l)q. This algebra is an important tool
in studying Uqg-modules from C(g, l)q. First, we consider a simple special case, namely
G = L. In this situation we define F (g, l)q as F (l)q. We intend to construct F (g, l)q
along with embeddings Uqg →֒ F (g, l)q, F (l)q →֒ F (g, l)q, which possess the following
properties.
(F1) The diagram
Uql
  //
_

Uqg
_

F (l)q
  // F (g, l)q
commutes4, and the subalgebras Uqg and F (l)q generate the algebra F (g, l)q.
(F2) The approximate identity {χΛ} of R(l)q is also an approximate identity of the two-
sided ideal R(g, l)q of F (g, l)q, generated by R(l)q.
(F3) For any approximately unital R(g, l)q-module V and any ξ ∈ F (g, l)q, v ∈ V there
exists a limit
ξv
def
= lim
Λ↑P L+
(ξχΛ)v, (2.1)
and the equation (2.1) equips V with a structure of F (g, l)q-module.
The intersection of the kernels for all representations of F (g, l)q obtained in this way
is 0.
(F4) The functor from the category of approximately unital R(g, l)q-modules into C(g, l)q
given by (2.1) is an isomorphism of categories.
We are going to show that the algebra F (g, l)q and the embeddings Uqg →֒ F (g, l)q,
F (l)q →֒ F (g, l)q are essentially uniquely determined by (F1) – (F4), i.e. there exists a
unique isomorphism of algebras that respects the embeddings.
Assign to any Uql-module V a Uqg-module P (V ) = Uqg⊗UqlV . The following result is
well-known in the classical case q = 1 (see [7]). It is proved in the Appendix (see Corollary
A.3).
Lemma 2.1 1. If V ∈ C(l, l)q then P (V ) is a projective object in C(g, l)q.
2. For any V ∈ C(g, l)q, the map
P (V ) 7→ V, ξ ⊗ v 7→ ξv, ξ ∈ Uqg, v ∈ V,
is a surjective morphism of Uqg-modules.
4In what follows Uqg and F (l)q are identified to their images under the embedding into F (g, l)q .
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The projective objects P (V ) of the category C(g, l)q are called standard projective
objects.
Introduce the Uqg-module V
univ = P (Luniv).
Corollary 2.2 In the category of Uql-modules one has
V univ =
⊕
λ∈P L+
V univλ ,
where the Uql-modules V
univ
λ are multiples of L(l, λ).
Corollary 2.3 For any module M ∈ C(g, l)q there exists a surjective morphism V˜
univ →
M in the category C(g, l)q, with V˜
univ being a multiple of the module V univ.
Let us introduce the notation Pλ for the projection in V
univ onto the Uql-isotypic
component V univλ parallel to the sum of all other Uql-isotypic components.
The category C(g, l)q and the category of approximately unital R(g, l)q-modules are
closed under the operations of direct sums, passage to submodules and factor-modules.
This allows one, using Lemma 2.1 and Corollary 2.3, to prove the following statement,
which implies uniqueness of F (g, l)q and the embeddings Uqg →֒ F (g, l)q, F (l)q →֒ F (g, l)q.
Proposition 2.4 Consider the algebra F (g, l)q and the embeddings Uqg →֒ F (g, l)q,
F (l)q →֒ F (g, l)q with the properties (F1) – (F4). Then the following statements hold.
1. The representation of Uqg in V
univ determines an approximately unital representa-
tion of R(g, l)q and a faithful representation of F (g, l)q in V
univ.
2. The image of F (g, l)q under the embedding into End V
univ is the subalgebra of
EndV univ generated by elements of Uqg ⊂ End V
univ and projections Pλ, λ ∈ P
L
+.
Now we return to the construction of the algebra F (g, l)q. In what follows we will
identify the algebras Uqg, F (l)q with their images under the embeddings into EndV
univ.5
In particular,
Pλ 7→ Pλ, λ ∈ P
L
+.
The following auxiliary statement is proved in the Appendix.
Lemma 2.5 Given any ξ ∈ Uqg, λ ∈ P
L
+, there exists a finite subset Λ ⊂ P
L
+ such that
ξPλ = χΛξPλ, Pλξ = PλξχΛ.
Consider the smallest subalgebra F (g, l)q ⊂ EndV
univ that contains all the elements
of Uqg and all the projections Pλ, λ ∈ P
L
+.
Theorem 2.6 The algebra F (g, l)q along with the embeddings Uqg →֒ F (g, l)q, F (l)q →֒
F (g, l)q, satisfy (F1) – (F4).
5The representation of Uqg in V
univ is faithful since for any weight finite dimensional Uqg-module W there
exists a surjective morphism of Uqg-modules V
univ
→W (Corollary 2.3). The representation of F (l)q in V
univ is
faithful since Luniv →֒ V univ.
6
Proof. (F1) is obviously satisfied.
Let us prove that {χΛ} is a left approximate identity in R(g, l)q. Every a ∈ R(g, l)q
has the form a =
N(a)∑
i=1
ξiPλiηi, with ξi ∈ Uqg, ηi ∈ F (g, l)q, λi ∈ P
L
+. It follows from Lemma
2.5 that χΛξiPλi = ξiPλi for some finite subset Λ ⊂ P
L
+ and all i = 1, 2, . . . , N(a). Hence
χΛa = a. One can prove in a similar way that {χΛ} is a right approximate identity in
R(g, l)q. Hence (F2) is satisfied.
Consider an approximately unital R(g, l)q-module V . Given any vector v ∈ V , there
exists such finite subset Λ ⊂ P L+ that χΛv = v. Thus for all Λ
′ ⊃ Λ we have
(ξχΛ′)v = (ξχΛ′)χΛv = (ξχΛ′χΛ)v = (ξχΛ)v,
and hence the element
ξv
def
= lim
Λ↑P L+
(ξχΛ)v
is well defined. It is easy to prove that (ξη)v = ξ(ηv) for any ξ, η ∈ F (g, l)q, v ∈ V . In
fact, there exist such finite subsets Λ′,Λ′′ ⊂ P L+ that
χΛ′v = v, χΛ′′ηχΛ′ = ηχΛ′ ,
because ηχΛ′ ∈ R(g, l)q and {χΛ} is an approximate identity. Hence,
(ξη)v = lim
Λ↑P L+
(ξηχΛ)v = ξ(ηχΛ′)v = (ξχΛ′′)(ηχΛ′)v = lim
Λ↑P L+
(ξχΛ)(ηχΛ′)v =
= ξ(ηχΛ′v) = ξ(ηv).
It follows that V is an F (g, l)q-module, and the the first of the conditions (F3) is satisfied.
The second condition, which requires the existence of a faithful representation as above,
obviously holds.
The arguments below show that the F (g, l)q-modules in question are locally Uql-finite
dimensional and weight:
dim(Uql v) = dimUql(χΛ′v) = dim(UqlχΛ′)v ≤ dimR(l)qv <∞.
Thus we have constructed a functor from the category of approximately unital R(g, l)q-
modules into C(g, l)q. What remains is to construct an inverse functor.
Suppose V ∈ C(g, l)q and let V =
⊕
µ∈P L+
Vµ be a decomposition of V into a sum of
Uql-isotypic components. Let π be the representation of Uqg in V , and denote by Πλ the
projection in V onto the isotypic component of Vλ parallel to
⊕
µ∈P L+
µ6=λ
Vµ.
It suffices to prove existence and uniqueness of an extension π˜ of π to F (g, l)q that
possesses the following properties:
i) π˜(Pλ) = Πλ, λ ∈ P
L
+,
ii) π˜|R(g,l)q is an approximately unital representation of R(g, l)q,
iii) π(ξ)v = lim
Λ↑P L+
π˜(ξχΛ)v, v ∈ V , ξ ∈ Uqg.
Uniqueness of such extension is obvious. To prove its existence, we consider subse-
quently the following cases:
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1. V = V univ;
2. V = V˜ univ, with V˜ univ being a multiple of the Uqg-module V
univ;
3. V is a submodule of V˜ univ;
4. V is a standard projective object in C(g, l)q;
5. (the general case) V ∈ C(g, l)q.
In the case 1) the desired statement follows from the definition of R(g, l)q. A passage
from 1) to 2) and to 3) is obvious. To pass from 3) to 4), it is sufficient to use the fact
that every Uqg-module P (V ), V ∈ C(l, l)q, admits an embedding into a multiple V˜
univ of
the Uqg-module V
univ. This is because every locally finite dimensional Uql-module admits
an embedding into a Uql-module L˜
univ, which is a multiple of Luniv and has the property
P (L˜univ) = V˜ univ. Finally, to pass from 4) to 5), one can apply the existence of a surjective
morphism P (V )→ V in the category C(g, l)q. 
Recall that the Weyl group W is generated by simple reflections s1, s2, . . . , sl and acts
on the weight lattice P .
Proposition 2.7 1. There exists a unique one-dimensional representation ε˜ of F (g, l)q
with
ε˜(ξ) = ε(ξ), ξ ∈ Uqg; ε˜(Pλ) =
{
1, λ = 0,
0, λ ∈ P L+ \ {0}.
2. There exists a unique anti-automorphism S˜ of the algebra F (g, l)q such that
S˜(ξ) = S(ξ), ξ ∈ Uqg; S˜(Pλ) = P−wL0λ, λ ∈ P
L
+,
where wL0 is the longest element of the Weyl group WL ⊂ W generated by the simple
reflections si, i ∈ L.
Proof. Uniqueness of ε˜ and S˜ is obvious. Existence of ε˜ has been demonstrated in the
proof of Theorem 2.6. Turn to proving existence of S˜. In the special case G = L it follows
from the definition of the algebra F (l)q →֒ EndL
univ and the well-known isomorphism [2,
p. 168]
L(l, λ)∗
∼
→ L(l,−wL0λ), v(l, λ) 7→ v(l, w
L
0λ).
To pass from the special case G = L to the general case G ⊃ L, consider the alge-
bra F (g, l)opq which is derived from F (g, l)q by replacement of the multiplication by the
opposite one. Uqg can be embedded into F (g, l)
op
q :
Uqg →֒ F (g, l)
op
q , ξ 7→ S(ξ).
The algebra F (l)q also admits an embedding into F (g, l)
op
q :
Uql →֒ F (g, l)
op
q , ξ 7→ S(ξ); Pλ 7→ P−wL0λ.
It is easy to verify (F1) – (F4) for this pair of embeddings. What remains is to use the
uniqueness of such pair, Proposition 2.4. 
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The category C(g, l)q is canonically isomorphic to the category of approximately unital
R(g, l)q-modules. In what follows we identify these categories.
Consider the Hopf subalgebra Uqq
+
L
⊂ Uqg generated by
Ei, i ∈ G; Fj , j ∈ L; K
±1
m , m = 1, 2, . . . , l.
and the Hopf subalgebra Uqq
−
L
⊂ Uqg generated by
Ei, i ∈ L; Fj , j ∈ G; K
±1
m , m = 1, 2, . . . , l.
The following statement is well known in the classical case q = 1 (see [7, p. 90]).
Proposition 2.8 The linear maps
Uqg⊗UqlR(l)q → R(g, l)q, ξ ⊗ r 7→ ξr, (2.2)
R(l)q ⊗Uql Uqg→ R(g, l)q, r ⊗ ξ 7→ rξ,
are bijective.
Proof. By Proposition 2.7, it suffices to consider the linear map (2.2). Let us prove
that it is onto. Note that for any λ ∈ P L+ and any finite subset Λ ⊂ P
L
+ containing λ there
exists an element z in the center Z(Uql) of the algebra Uql such that Pλ = zχΛ. On the
other hand, for any λ ∈ P L+, ξ ∈ Uqg there exist finite subsets Λ
′,Λ′′ ∋ λ such that
Pλξ = PλξχΛ′, ξχΛ′ = χΛ′′ξχΛ′.
Hence Pλξ = (PλχΛ′′)ξχΛ′ = zχΛ′′ξχΛ′ = zξχΛ′ . Thus for any ξ ∈ Uqg and any finite
subset Λ ⊂ P L+ there exist such ξ˜ ∈ Uqg and a finite subset Λ˜ ⊂ P
L
+ that χΛξ = ξ˜χΛ˜. This
can be readily used to prove that the linear map (2.2) is onto.
Prove that it is injective. One can use well-known results on bases in quantum universal
enveloping algebras [6, Chapter 8] to derive a decomposition Uqg = Uqq
−
L
⊗Uql Uqq
+
L
. It
follows from this decomposition and Lemma A.1 that Uqg is a free right Uql-module.
Choose a free basis {ei}. Let a be a non-zero element of Uqg⊗UqlR(l)q. It has the form
a =
∑
i
ei ⊗ ri, ri ∈ R(l)q.
Let a˜ be the image of a under the map (2.2). We treat it as an element of End V univ. It
suffices to prove that the restriction of the linear map a˜ to the subspace {1⊗v| v ∈ Luniv}
is non-zero. It is easy to verify that a˜(1 ⊗ v) =
∑
i
ei ⊗ riv for any v ∈ L
univ. It remains
to use our choice of {ei} and the fact that the representation of Uql in L
univ is faithful. 
3 The functors ind and Π
Consider two pairs of subsets
L ⊂ G ⊂ {1, 2, . . . , l}, L1 ⊂ G1 ⊂ {1, 2, . . . , l},
with L1 ⊂ L, G1 ⊂ G. Obviously, one has embeddings of the associated Hopf subalgebras
Uql1 ⊂ Uql, Uqg1 ⊂ Uqg.
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R(g, l)q is a left ideal in F (g, l)q and hence is a left Uqg1-module. We claim that R(g, l)q
is an approximately unital left R(g1, l1)q-module. In fact, R(g, l)q is an approximately
unital left R(g, l)q-module, hence a Uqg-module of the category C(g, l)q given by (1.1).
Since Uql1 ⊂ Uql, the module R(g, l)q is also in the category C(g, l1)q. Finally, in view of
Uqg1 ⊂ Uqg, we are inside the category C(g1, l1)q, which is equivalent to our claim. In a
similar way, one can prove that R(g, l)q is a right R(g1, l1)q-module.
6
Throughout the rest of this section we follow [7] and replace the groups involved therein
with the corresponding quantum universal enveloping algebras. Introduce the functor
P g,lg1,l1 from the category C(g1, l1)q to the category C(g, l)q by defining it on objects from
C(g1, l1)q as follows:
P g,lg1,l1(Z) = R(g, l)q ⊗R(g1,l1)q Z.
The action on morphisms is defined in an obvious way.
C(g1, l1)q has enough projectives and the functor P
g,l
g1,l1
is covariant and right exact.7
Hence one has well defined derived functors:
(
P g,lg1,l1
)
j
, j ∈ Z+, from C(g1, l1)q to C(g, l)q.
Consider the two special cases: l1 = l and g1 = g. Start from the first one. Let ind
g,l
g1,l
be the functor from the category C(g1, l)q to the category C(g, l)q defined on objects as
follows:
indg,lg1,l(Z) = Uqg⊗Uqg1 Z.
The action on morphisms is defined in an obvious way. Just as in the classical case q = 1,
one gets an isomorphism of functors P g,lg1,l and ind
g,l
g1,l
. Describe briefly this construction.
The functor indg,lg1,l is left adjoint to the forgetful functor F
g1,l
g,l : C(g, l)q → C(g1, l)q
determined by the embedding Uqg1 → Uqg. On the other hand, P
g,l
g1,l
is left adjoint
to the functor (F∨)g1,lg,l , to be defined below (cf. [7, Proposition 2.34]). The functor
(F∨)g1,lg,l : C(g, l)q → C(g1, l)q is defined on objects of the category C(g, l)q as follows:
(F∨)g1,lg,l (X) = HomR(g,l)q(R(g, l)q, X)l.
A structure of Uqg1-module in HomR(g,l)q (R(g, l)q, X) is imposed via the structure of right
Uqg1-module in R(g, l)q, and the subscript l stands for distinguishing the maximal sub-
module in the category C(g1, l)q. The action of (F
∨)g1,lg,l on morphisms is defined in an
obvious way. What remains is to construct an isomorphism of functors Fg1,lg,l
∼
→ (F∨)g1,lg,l
(cf. [7, Proposition 2.33]). Let X ∈ C(g, l)q and x ∈ X . Associate to every x a morphism
of R(g, l)q-modules given by
R(g, l)q → X, r 7→ rx.
One can verify that the map X → HomR(g,l)q (R(g, l)q, X), which arises this way, is a
morphism of Uqg1-modules and provides the desired isomorphism of functors.
An important consequence is the observation that for any V ∈ C(l, l)q the standard
projective object P (V ) in the category C(g, l)q is canonically isomorphic to P
g,l
l,l (V ).
In the second special case g1 = g the functor in question is called the Bernstein functor
and it is denoted by Πg,lg,l1 :
Π ≡ Πg,lg,l1(Z) = R(g, l)q ⊗R(g,l1)q Z, Z ∈ C(g1, l1)q.
6One can see from the proof that R(g, l)q is a R(g1, l1)q-bimodule.
7See [7, p. 840]
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In the classical case q = 1 the derived functors Πj are crucial in constructing unita-
rizable Harish-Chandra modules via the Vogan-Zuckerman cohomological induction [7].
Turn to describing a quantum analogue for this method.
4 A quantum analogue for cohomological induction
We assume in the sequel that G = {1, 2, . . . , l}, and hence Uqg = Uq.
Recall (see [4, 8]) a definition of the pairs (g, k) used in a construction of bounded
symmetric domains via the Harish-Chandra embedding. Here g is a simple complex Lie
algebra of type A, B, C, D, E6, E7. A Hopf subalgebra Uqk ⊂ Uqg is generated by Ei, Fi,
i ∈ K; K±1j , j = 1, 2, . . . , l, with K = {1, 2, . . . , l} \ {l0}. We assume also that the simple
root αl0 has coefficient 1 in the decomposition of the maximal root
δ =
l∑
i=1
niαi, nl0 = 1. (4.1)
In what follows the notation (g, k) will stand only for such pairs.
To clarify the precise nature of condition (4.1), equip the Lie algebra g with a grading
as follows: degEl0 = 1, degFl0 = −1, degHl0 = 0, degEj = degFj = degHj = 0 for
j 6= l0. The automorphism θ of g given by the formula
θ(ξ) = (−1)deg ξξ
is an involution. Now (4.1) implies that
g = p− ⊕ k⊕ p+, p± = {ξ ∈ g| deg ξ = ±1}.
It is worthwhile to note that the pairs (g, k) in question are complexifications of the
pairs (g0, k0), with g0 being the Lie subalgebra of the automorphism group of an irreducible
bounded symmetric domain, and k0 being the Lie algebra of the stabilizer of a point in
this domain [4].
Equip Uqg with a structure of Hopf ∗-algebra via the involution ∗ defined as follows:
E∗j =
{
−KjFj , j = l0
KjFj, j 6= l0
; F ∗j =
{
−EjK
−1
j , j = l0
EjK
−1
j , j 6= l0
;
(K±1j )
∗ = K±1j , j = 1, 2, . . . , l.
A module V over a Hopf ∗-algebra A is said to be unitarizable if it admits a positive
definite invariant form (·, ·):
(av1, v2) = (v1, a
∗v2), a ∈ A, v1, v2 ∈ V.
The cohomological induction is among the tools for constructing unitarizable modules
of the category C(g, k) in the case q = 1. Describe a q-analogue for this method.
Let L ⊂ {1, 2, . . . , l}, L 6⊂ K, and Uql is the Hopf subalgebra corresponding to the
subset L. Obviously, Uql inherits the structure of Hopf ∗-algebra. We intend to derive a
unitarizable Uqg-module of the category C(g, k)q starting from a unitarizable Uql-module
of the category C(l, l ∩ k)q.
8
8Uq(l ∩ k) is a Hopf subalgebra corresponding to the subset L ∩ K.
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If λ = (λ1, λ2, . . . , λl) ∈ P and λj = 0 for all j ∈ L, one has the following well defined
one-dimensional Uql-module Cλ:
Ej1 = Fj1 = 0, j ∈ L; K
±1
j 1 = q
±λj
j 1, j = 1, 2, . . . , l.
As an important example of such linear functional one should mention the difference
ρu = ρ− ρl between the half-sum ρ of positive roots of the Lie algebra g and the half-sum
ρl of positive roots of the Lie algebra l:
ρu(Hj) =
{
1, j 6∈ L,
0, j ∈ L.
Every Uql-module Z ∈ C(l, l∩k)q determines a Uql-module Z
# = Z⊗C2ρu ∈ C(l, l∩k)q.
Equip it with a structure of Uqq
−
L
-module via the surjective morphism of algebras Uqq
−
L
→
Uql:
Fi 7→
{
Fi, i ∈ L
0, i ∈ {1, 2, . . . , l} \ L
, Ej 7→ Ej, K
±1
j 7→ K
±1
j , j ∈ {1, 2, . . . , l}.
The generalized Verma module indg
q−
L
Z#
def
= Uqg⊗Uqq−L
Z# belongs to the category C(g, l)q
(see Lemma A.1). Hence the equality
Lj(Z) =
(
Πg,kg,l∩k
)
j
(
indg
q−
L
(Z#)
)
determines functors Lj , j ∈ Z+, from C(l, l ∩ k)q to C(g, k)q.
In the classical case q = 1 under suitable dominance assumptions on Z the only non-
zero modules Ls(Z) are those with s =
1
2
(dim k− dim(k ∩ l)) [7, p. 369]. So, a particular
interest is in considering the Uqg-modules
Aq(λ)
def
= Ls(Cλ), s =
1
2
(dim k− dim(k ∩ l)),
with λ = (λ1, λ2, . . . , λl) ∈ P and λj = 0 for j ∈ L.
Appendix. Proofs of the Lemmas
Let G ⊃ L be subsets of {1, 2, . . . , l}. Equip Uqg with a grading by setting
degEj =
{
1, j ∈ G \ L
0, j ∈ L
, degFj =
{
−1, j ∈ G \ L
0, j ∈ L
,
degK±1j = 0, j = 1, 2, . . . , l.
Let
(
Uqq
±
L
)
j
=
{
ξ ∈ Uqq
±
L
∣∣ deg ξ = j}. Obviously, (Uqq±L )0 = Uql.
Lemma A.1 The homogeneous components
(
Uqq
±
L
)
j
are free left and free right Uql-
modules of finite rank.
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Proof. Recall that the subsets L ⊂ G ⊂ {1, 2, . . . , l} determine the subgroups WL ⊂
WG of the Weyl group W . Those subgroups are exactly the Weyl groups of the Lie
algebras l and g, respectively. Let w0,L (respectively, w0,G) be the longest element of the
Weyl group WL (respectively, WG).
We start from the larger subset G. Choose a reduced expression
w0,G = si1si2si3 . . . siM , (A.2)
with sik being the reflection corresponding to the simple root αik . Consider the Lusztig
automorphisms Ti, i ∈ G, of the algebra Uqg
′ generated by Ei, Fi, K
±1
i , i ∈ G, [6, Chapter
8]. They have the form
Ti(Kj) = KjK
−aij
i ,
Ti(Ei) = −FiKi, Ti(Fi) = −K
−1
i Ei,
Ti(Ej) =
∑
r+s=−aij
constEsiEjE
r
i , i 6= j,
Ti(Fj) =
∑
r+s=−aij
constF ri FjF
s
i , i 6= j.
(A.3)
In a similar way, consider the algebra Uql
′ associated to L. Let W L = {w ∈ WG| l(ws) >
l(w) for all simple reflections s ∈ WL}, where l(w) stands for the length of w. One has
w0,G = w
Lw0,L with w
L ∈ W L and l(w0,G) = l(w
L) + l(w0,L) [5, Proposition 1.10(c)]. This
allows one to rewrite the reduced expression (A.2) in the form
w0,G = si1si2si3 . . . siM′siM′+1siM′+2 . . . siM , (A.4)
with w0,L = siM′+1, siM′+2, . . . , siM and w
L = si1si2si3 . . . siM′ .
We are about to apply the Lusztig theorem [6, Theorem 8.24]. Observe that the special
reduced expression (A.4), in view of the explicit form of the Lusztig automorphisms (A.3)
implies that all the monomials
Ti1Ti2 · · ·TiM′−1(E
aM′
iM′
) · Ti1Ti2 · · ·TiM′−2(E
aM′−1
iM′−1
) · . . . · Ti1Ti2(E
a3
i3
) · Ti1(E
a2
i2
) · Ea1i1
are in Uql
′. It follows from the Lusztig theorem [6, Theorem 8.24] that the monomials
Ti1Ti2 · · ·TiM−1(E
aM
iM
) · Ti1Ti2 · · ·TiM−2(E
aM−1
iM−1
) · . . .
. . . · Ti1Ti2 · · ·TiM′+1(E
aM′+2
iM′+2
) · Ti1Ti2 · · ·TiM′ (E
aM′+1
iM′+1
) (A.5)
with all aik ∈ Z+, form a free basis in the right Uql-module Uqq
+
L
. As one can readily sep-
arate out for each j ∈ Z+ finitely many such monomials that span the j-th homogeneous
component, we thus get our claim for (Uqq
+
L
)j as a right Uql-module. All other claims can
be proved in a similar way. 
Corollary A.2 Every Uqg-module V contains the largest submodule Vl of the category
C(g, l)q.
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Proof. Obviously, V possesses the largest weight submodule Vh. What remains is to
prove that the subspace Vl = {v ∈ Vh| dim(Uqlv) <∞} is a submodule of the Uqg-module
V . Let ξ ∈
(
Uqq
±
L
)
j
, v ∈ Vl. It follows from Lemma A.1 that for some {η1, η2, . . . , ηN(j)}
(
Uqq
±
L
)
j
=
N(j)∑
k=1
ηkUql.
Hence,
dim(Uql ξv) ≤ dim
((
Uqq
±
L
)
j
v
)
= dim
N(j)∑
k=1
ηkUql v
 <∞.
Thus ξv ∈ Vl. 
Corollary A.3 For any V ∈ C(l, l)q, the module P (V ) belongs to the category C(g, l)q.
Proof. Since Uqg is a free right Uql-module, one has an embedding of Uql-modules
i : V →֒ P (V ), i : v 7→ 1⊗ v.
The relation P (V ) = P (V )l is due to
P (V ) = Uqg i(V ) ⊂ UqgP (V )l = P (V )l. 
The rest of the statements of Lemma 2.1 can be proved in the same way as in the
classical case q = 1.
To prove Lemma 2.5 we need the following auxiliary statement.
Lemma A.4 Let λ ∈ P L+ and
(
Uqq
±
L
)
j
be the homogeneous components of the graded
algebras Uqq
±
L
.
1. The vector spaces
(
Uqq
±
L
)
j
· Pλ ⊂ End V
univ are finite dimensional.
2. The vector spaces Pλ ·
(
Uqq
±
L
)
j
⊂ End V univ are finite dimensional.9
Proof. Prove the first statement. We consider EndV univ as a Uql-module with respect
to the action as follows:
(ξa) : v 7→ ξ(av), v ∈ V univ, a ∈ EndV univ, ξ ∈ Uql.
Obviously,
(
Uqq
±
L
)
j
· Pλ is a submodule of the Uql-module End V
univ.
Let πλ : Uql → EndL(l, λ) be the representation of the Hopf subalgebra Uql corre-
sponding to the Uql-module L(l, λ). If ξ ∈ Ker πλ, then ξ · Pλ = 0. Hence the diagram
Uql
piλ

ξ 7→ξ·Pλ
// End V univ
EndL(l, λ)
77
o
o
o
o
o
o
o
o
o
o
o
o
9A dot is used here to denote the product of elements in EndV univ.
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can be completed up to a commutative one, and
dim(Uql · Pλ) ≤ (dim(L(l, λ)))
2.
Thus the first statement of the Lemma is proved in the case j = 0. It remains to elaborate
the fact that (Uqq
±
L
)j is a right Uql-module of finite rank (see Lemma A.1).
Now the first statement is proved. The second one can be proved in a similar way
using the commutative diagram
Uql
piλ

ξ 7→Pλ·ξ // End V univ
EndL(l, λ)
77
o
o
o
o
o
o
o
o
o
o
o
o
in the category of Uql
op-modules.10 
Turn to the proof of Lemma 2.5. Consider the subspace A ⊂ Uqg of such elements
ξ ∈ Uqg that for any λ ∈ P
L
+ there exists a finite subset Λ ⊂ P
L
+ with
ξ · Pλ = χΛ · ξ · Pλ, (A.6)
Pλ · ξ = Pλ · ξ · χΛ. (A.7)
One has to prove that A = Uqg. For that, it suffices to demonstrate that A is a subalgebra
of Uqg and A ⊃
(
Uqq
±
L
)
j
for all j.
Prove the first statement. It is obvious that A is a vector subspace. Now let ξ, η ∈ A,
and consider the product ξη. A double application of (A.6) first w.r.t. η and then ξ allows
one to deduce that the image of the linear operator ξ ·η ·Pλ ∈ EndV
univ is accommodated
by the sum of finitely many isotypic components V univλ . Let this sum be
⊕
λ′∈Λ′
V univλ′ , then
ξ · η · Pλ = χΛ′ · ξ · η · Pλ. Thus we get (A.6) for ξη.
In a similar way, apply (A.7) twice to deduce that for some finite subset Λ′′ ⊂ P L+ one
has Ker(Pλ · ξ · η) ⊃ (id− χΛ′′) V
univ, hence Pλ · ξ · η = Pλ · ξ · η · χΛ′′ . Thus (A.7) holds
for ξη.
Turn to the second statement. We restrict ourselves to proving that (A.6) is valid
for all ξ ∈
(
Uqq
±
L
)
j
. It follows from Lemma A.4 that for every j, λ, the vector space(
Uqq
±
L
)
j
· Pλ is finite dimensional. It is also a Uql-module since Uql
(
Uqq
±
L
)
j
⊂
(
Uqq
±
L
)
j
.
Hence
(
Uqq
±
L
)
j
·Pλ is a sum of finitely many Uql-isotypic components. On the other hand,
if for some a ∈ End V univ, the Uql-module Uql · a ⊂ EndV
univ is a multiple of L(l, µ),
µ ∈ P L+, one has aV
univ ⊂ V univµ and Pµ · a = a. It follows that Pλ′ ·
(
Uqq
±
L
)
j
· Pλ = 0 for
all but finitely many λ′ ∈ P L+. Hence ξ ·Pλ = χΛ · ξ ·Pλ for some finite subset Λ ⊂ P
L
+. 
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